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Abstract: Fully entangled fraction is a definition for bipartite states, which is tightly related to 
bipartite maximally entangled states, and has clear experimental and theoretical signihcance. In 
this work, we generalize it to multipartite case, we call the generalized version multipartite fully 
entangled fraction (MFEF). MFEF measures the closeness of a state to GHZ states. The analytical 
expressions of MFEF are very difficult to obtain except for very special states, however, we show that, 
the MFEF of any state is determined by a system of finite-order polynomial equations. Therefore, 
the MFEF can be efficiently numerically computed. 
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I. INTRODUCTION 

Quantum entanglement is a crucial ingredient in quan¬ 
tum information processing. In practice, the maximally 
entangled states are often the ideal resource in many 
quantum information processing schemes [1, 2]. Fully en¬ 
tangled fraction is a definition for bipartite states, which 
is tightly related to bipartite maximally entangled states, 
and has clear experimental and theoretical significance 
[3-7]. In Ref. [8], the analytical expressions are obtained 
for the fully entangled fraction of any two-qubit states. 
In Ref. [9] an upper bound of the fully entangled frac¬ 
tion is obtained. In Ref. [10] some analytical results have 
been derived for some special states. In Ref. [11], the 
monogamy relations for multiqubit states via the fully 
entangled fraction have been investigated. Ref. [12] shows 
that in d® d' (2 d < d') system, there exist mixed max¬ 
imally entangled states. Based on this fact of Ref. [12], 
Ref. [13] studies the maximally entangled states and fully 
entangled fraction in general d® d' system. 

In this work, we generalize the definition of fully entan¬ 
gled fraction to multipartite case, we call the generalized 
version multipartite fully entangled fraction (MFEF). 
Our definition of MFEF is tightly related to the GHZ 
states. GHZ states are a class of important multipartite 
entangled states which play vital roles in many experi¬ 
ments either testing the quantum formalism or realizing 
quantum information processing [2]. The bipartite max¬ 
imally entangled pure states can be viewed as the bipar¬ 
tite case of GHZ states. Similar to the case of fully en¬ 
tangled fraction, we show that the analytical expressions 
of MFEF are very difficult to obtain except for very spe¬ 
cial states. However, we prove that, the MFEF of any 
state is determined by a system of finite-order polyno¬ 
mial equations. Therefore, the MFEF can be efficiently 
numerically computed. 

This paper is organized as follows. In section 2, we 
give the definition of MFEF, a lower bound and an upper 
bound of MFEF, and give the expressions of MFEF for 
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a class of special pure states. In section 3, we study the 
MFEF for TV-qubit states. In section 4, we show that the 
MFEF of any state is determined by a system of finite- 
order polynomial equations, therefore, the MFEF can be 
efficiently numerically computed. In section 5 we give a 
summary. 

II. THE DEFINITION OF MFEF 

Consider the TV-partite (N > 2) system A\A 2 --.Am, 
its subsystems {A{\^_^ are all d-dimensional and corre¬ 
spond to the Hilbert space H. We define the multipartite 
fully entangled fraction (MFEF) of the TV-partite state 
p on H® n (we also write H® N = d® N for emphasizing 
dimH = d) as 

f (p) = ..max (</>|(®iIit/+)p(®^ 1 [/ z )|0), (1) 

Ui,...,Un 

where max runs over all local d x d unitary matrices 
U\, U 2 ,..., Un, + denotes adjoint, and \<f>) is the GHZ 
state for given orthonormal basis {|*}}f =1 of H, 

\<t>) = ( 2 ) 

Vd *ri 

Obviously, the bipartite maximally entangled pure states 
can be viewed as the bipartite case of GHZ states, and 
the definition of fully entangled fraction can be viewed 
as the bipartite case of MFEF. The intuitive meaning of 
MFEF is that it measures the closeness of a state with 
respect to the GHZ states. 

Theorem l.The MFEF of the TV-partite state p on 
d® N satisfies that 

-JW ^ F (P) ^ .Pmax(p) < V tr (P 2 ) < !| (3) 

F(p) = 1 p is a GHZ state; (4) 

l J®N 

F M = J, V«»=^v- (5) 

In Eq.(3), p m ax(p) is the maximal eigenvalues of p, in 
Eq.(5), I is the identity operator. 
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Proof. We prove this theorem in the similar way of the 

proof for Theorem 2 in Ref.[10]. Let p = J2i=i ftlV’iXVhl 
be the eigendecomposition, 




< Pmax < Jj2 P i = V tr (P 2 ) < !) ( 6 ) 


with 




If YjiPMi = !> then p max = l,g max = 1, thus p = |V’)(V , I 
is pure, and 

(mliU+mm®*L 1 u i M) = i, ( 8 ) 


orthonormal basis of H, then 

FO) = maxK^Ko^t/jMI 2 
1 d 

= ^ max l E VPi(ii~A ■ Ui\j)U 2 \j)...U N \j)\ 2 

ij—l 

= ^ max | E \ji)--(UN)jj N |jjv) | 2 

ij,ji--- 3 N 

d d 

= ~j max | y/p'i['22(Ui) j i(U 2 ) ji ...(U N ) ji ]\ 2 

*= 1 i=i 

^ d d 

< — max 

»=i j=i 

<J(Ev^) 2 - ( 12 ) 

2=1 

Let U\ = U 2 = = C7jv = /, we have |(')/’|^)| 2 = 

l(J2i =i \/pi) 2 - We then end this proof. 


it follows that p = (®(X 1 17i)|<) , )(^|( ( S>iX 1 17l") for any uni¬ 
tary matrices Ui,U 2 , ...,Un. 

Using the method of Lagrange multipliers, it can be 
shown that the minimum of YhiPiQi is by Pi = qi = 
■jn for all i, hence Eq.(5) holds. We then end this proof. 

Theorem 2. The MFEF of the pure state 

d 

W = E VPilH-i) ( 9 ) 

i=1 


III. MFEF OF WQUBIT STATES 

In this section, we give a special .ZV-qubit states which 
allow analytical MFEF, and investigate the MFEF for 
arbitrary .ZV-qubit states. 

Theorem 3. The MFEF of the two-qubit state 

P=^w( I ® N +™f N ) (13) 

is 

m = (i4) 


is 

Fty) = (E (10) 

2=1 


where, {|*)}f = i is an orthonormal basis of H, pi > 0, 

Etift = i- 


Proof. First note that 

d 

El \(Ui)ji{U 2 )ji...(UN)ji\ 

3 =1 


< 


N 


£l(tfiM 2 £l(tf>)jil 2 ...£l(EWiil 2 <i. (11) 

3 = 1 i=1 3 = 1 


where, (J 3 


1 0 
0 -1 


c is a real number satisfying 


|c| < 1 . 

Proof. For the Pauli matrices 



and any 2 x 2 unitary matrix U, there exists a 3 x 3 real 
orthogonal matrix O such that [14] 


3 3 

^(EW)ET= E O jk r k aj, (16) 

3 =1 jfc=i 


for any real numbers {p'E-i ■ 

For given 2x2 unitary matrices {t/;}(X 1; we denote the 
corresponding real orthogonal matrices as { 0 ®}i=r 
For the state in Eq.(13), 


Let (K)}f=i = (U)}j=i = {lii)}j 1= i denote the same 


F (P ) = 2^(1 + max[c(^| (g)^ {U^cr^Ui)\4>))}. (17) 
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Taking Eq.(16) into above equation, with direct compu¬ 
tations, we get 


where, R Vl ...v N>t i 1 ...n N is the real part of 


m (U+asUiM) 

= og ) og ) ...o^ ) + (-ifo^o^.-.o^ 
+(oi; ) +io< i 3 ) )...(o'f+< ) ) 


(18) 


R, 




1 


2 I/^I^mi-.-mw) ^ .../ijy Idl ...vm )] 7 (23) 

Rv 1 ...i/ n ,ii 1 ...ij, n = R[i 1 .../J. N ,vi...VN ■ (29) 

Let {A/}^ 1 be the Lagrange multipliers, and let 


Consequently, 

W\ ®£i (t/+a 3 t/ i )|<(')| 

< IcKIO^-O^ 1 +1(0$ +iO$)...(o£ ) +^f)l] 

< ki • ^Ei 0 § ) i 2 »yEi°5^ ) i 2 = i c i- ( 19 ) 

Conversely, let = ... = O^ -1 ^ = 1, and 

0<f = sign(c ), all above equalities hold. We then end 
this proof. 

We next investigate the MFEF for arbitrary .ZV-qubit 
states. The 2x2 unitary matrices {U^}fL 1 can be ex¬ 
pressed as 

u (l) = 4° i +* E x T a i = E x l )i9W(7 ^ ( 2 °) 

3 = 1 M=0 

where {£/?}u=o are real numbers, 

^{x^) 2 = 1, for all l, (21) 

fi—O 

a 0 = 7, (22) 

g(g) = 0 when g = 0, g(g) = 1 when g = 1,2,3. (23) 

As a result, 

= E x^x^...xl N J 

Mi m 2 --M]v= 0 

. i9 (M 1 )+ 9 (M 2 )+...+ 9 (M^) fT/ii 0 a M2 ...a Mw |</)) (24) 

= E 4EM2-4 J I ) |^M 1 M 2 ...M i v)> ( 25 ) 

MiM 2 ---Miv= 0 

where 

l</V..E = * 9(Ml)+ - +9(/iw) ^M 1 ® - ® (26) 

Consequently, 

(^.|(^ 1 C/+)p(^ 1 C/i)l0) 

VlWl 

— x^R (27) 


r — t-C 1 ) r W r (i) r ( N ) R 

^ — ”' X VN *Vl "“Viv 

”iwi 

iV 3 

-E^E^m 0 ) 2 - 1 ]- (30) 


then the extremum conditions yield that 


1 <9L 


2 


= E 


.(i) 

■'Z'l 


(i-1) (i+1) 

^Z-l ^Z + l 


r W ( 1 ) (iv) 

z'tv Ml ** Mtv 


no t'j 




- AjsW = 0, 


(31) 


for all l and all zq = 0,1, 2, 3. Taking Eq.(31) into Eq.(27), 
we get 


{<j>\{®y =1 ut) P (®tiUim = a,. ( 32 ) 


Note that, in general, Eq.(31) leads to many (but finite) 
solutions of {x^,X ;}, we should take the maximum of 
Eq.(32) for all these A/. We conclude this result as The¬ 
orem 4 below. 

Theorem 4. For any .ZV-qubit state p, the real tensor 
Rv 1 ...v N ,n 1 ...ii N is defined in Eqs.(28,26), then the MFEF 
of p is 


N 

F(p) = max{max[A; : Eqs.(31), Eqs.(21)]}. (33) 


We remark that, when N = 2, Eq.(33) recovers the 
two-qubit case in Ref. [8] (noticing that when N = 2 we 
can always equivalently let ZTi =7). 


IV. MFEF OF ZV-QUDIT STATES 

From the Theorem 4 for the A-qubit (d = 2) case, we 
want to know whether the MFEF of any A-qudit state 
can also be obtained by solving a system of finite-order 
polynomial equations. In this section we show this is 
true. To this aim, we use the generators of su(d) Lie 
algebra to represent unitary matrices on 77. Consider 
the d 2 Hermitian operators [15, 16] on 77 : 

2 [2 

{^mjEo 1 = ( <t ° = (34) 

=U{(\k)(j\ + \j)(k\)j^ k=1 
U{-i(\k)(j\-\j)(h\) l<k }% =1 

u{ ^7(7TT) (sLl|fc)(fc| “ j|i +1)0 +1|)} ^ 1 ' (35) 
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It is shown that 



tra 0 = V2d. 

Troj = 0 , j £ {1, ...,d 2 - 1 }, 

(36) 

tr(a^a v ) = 

2 6^, fi, v £ { 0 , 1 , ...,d 2 - 1 }. 

(37) 

For i,j,k £ {0,1,.. 

■,d 2 - 1 }, 



d 2 - 1 



[o',;. (Jj\ — 2 i ^ [ fijk&k. 

(38) 


k -1 

4 d 2 -i 

{ay, (Ty| = -<%/ + 2 ^ [ d ijk a k , (39) 

fc=i 

2 d2_1 

O'iO'j — —SijI “h ^ [ {dijk ifi.jk)&k, (40) 

fc=l 

fijk = ^Trilaucrjjcjk), (41) 

d ijk = ^ Tr (Wi^ a j} cr k), (42) 

where [o',;, 04 ], {cr^, cr^-} are commutator and anticommu- 
tator, fijk, dijk are called structure constants, fijk are 
completely antisymmetric and dijk completely symmet¬ 
ric. When d = 2, {oy }? =1 are well known Pauli operators, 
dijk = 0 and fijk the permutation symbol. 

All d x d complex matrices forms a cP-dimensional 
complex Hilbert space TL equipped the inner product 
(M 1 IM 2 ) = tr{M+M 2 ) for any Mi, M 2 £ T~L- Note that 
Eq.(34) is an orthonormal basis of 7~L, so any d x d com¬ 
plex matrix can be expressed in this basis with complex 
coefficients. We express d x d Unitary matrix U as 

d 2 -1 d 2 -1 

U = ^2 = z o a o + Y z i a L z v e (43) 

/*=o i=i 


where {z^} are all complex numbers satisfying the con¬ 
dition UU + = I. Using Eq.(43), after some algebras, 
UU + = I leads to 

uu+ = (M 2 +£N 2 )^ 

3 = 1 

d 2 —1 d 2 — 1 

+ 55 [y + z 0 z k) + Y z i z j( d ijk + ifijk)\c?k,{ 44) 


thus 


d — 1 


N J +EN J = . ( 45 ) 


1=1 


d — 1 


(^O^fe + ZoZfc) + 55 z i z j(dijk + ifijk ) = 0. (46) 
* 1=1 


Let 2 ^ = x p + iy M with real, and notice that fijk 

are completely antisymmetric and dijk completely sym¬ 


metric, then Eqs.(45,46) become 

55 ( x l + yl)-i = °> ( 47 ) 

fL=0 

[2 d 2 - 1 

2 V d^ X ° Xk + 2/0j/fc -* + 55 [(^i^l + ViVj) d ijk 

*1=1 

• ~x,Ujf, jk\ = 0 . (48) 

Let z d ] = xj^ be the complex numbers correspond¬ 

ing to £7® as in Eqs. (47,48), then 

m®i=xut)p{®%=iui)\<t>) 

= 55 z $*-- z iy* z $-" z{ ${4>v 

where 


Let 


L = (0|(0(I 1 £/+)p(0(I 1 £/ ; )|^) 

N d 2 -l , 

- Em £[<*2 )’ + <*» n - f } 

;=i a*i=o 

Z=1 fc=l V 

d 2 —1 

+ + yi l) yj l) ) d ijk + Zxfyf fijk]}, (51) 

* 1=1 


then 


9L 


9a; 


= 0 , 


dL 

9$ 


= 0 , 


9L 
d\ 1 


= 0 , 


dL 
dr ik 


= 0, (52) 


constitute a system of finite-order polynomial equa¬ 
tions in variables {x^, yff, Ap t;*,}. Once we get 
Xi,rik} from Eqs. (52), taking them into 
(</>|(0^ 1 U i + )p(0^ = 1 {7;)|(?!)), we can get the MFEF. Note 
that, in general, Eqs.(52) leads to many (but fi¬ 
nite) solutions of {x$,y$,\i,Tik}, we should take 
the maximum of ( 0 |( 0 ^ 1 £/ i + )p( 0 ^ = 1 £/;)| 0 ) for all these 
{x^y^Apr/fc}. 


V. SUMMARY 

We generalized the definition of bipartite fully en¬ 
tangled fraction to the multipartite case, we called the 
generalized version multipartite fully entangled fraction 
(MFEF). MFEF is defined with respect to the multipar¬ 
tite GHZ states then it measures the closeness of a state 
to GHZ states. We gave two classes of states which allow 
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analytical MFEF, explored the bounds of MFEF. For 
7V-qubit states, the optimization of MFEF is relatively 
simple, we provided a calculation scheme. Although the 
analytical MFEF are very hard to get for general states, 
we proved that, the MFEF of any state can be efficiently 
numerically computed. 
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